Abstract. We investigate the topological properties of Berkovich analytifications over hybrid fields, that is a field equipped with the maximum of its native norm and the trivial norm. We prove that the analytification of the affine line or of a smooth projective curve over a countable Archimedean hybrid field is contractible, and show that it can be non-contractible when the field is uncountable. Further, we prove that the analytification of affine space over a non-Archimedean hybrid field or over a discrete valuation ring is contractible. As an application, we show that the Berkovich affine line over the ring of integers of a number field is contractible.
Introduction
Let k be a field equipped with a nontrivial absolute value |·| k , which may be Archimedean or non-Archimedean, and is not assumed to be complete. The field k can also be thought of as a Banach ring equipped with the hybrid norm · hyb := max{| · | k , | · | 0 }, where | · | 0 denotes the trivial norm on k. To a variety X over k, there is a hybrid analytification
which is a locally compact, Hausdorff topological space equipped with natural identifications X triv = λ −1 (0),
where X an and X triv denote the analytifications of X with respect to ( k, | · | k ) and (k, | · | 0 ), respectively (in the sense of [Ber90] ). Said differently, X hyb is a family of analytic spaces that interpolates between X triv and X an . When k is the complex numbers equipped the Archimedean norm, X hyb is a space that consists of both Archimedean and non-Archimedean data, hence the name 'hybrid' analytification.
These hybrid spaces were first introduced in [Ber09] to give a non-Archimedean interpretation of the weightzero piece of the mixed Hodge structure on a proper variety over C. The properties of hybrid spaces (and, more generally, of analytifications over Banach rings) have been explored further in [Poi10, Lem15] , and they have found additional applications in [Jon16, Fav16, BJ17, dMKY19] . The goal of this paper is to investigate connections between the topology of X hyb and that of X triv and X an . More precisely, we pose the following question, inspired by [Ber09, Remark 2.5(ii)].
Question. Is the inclusion X triv ֒→ X hyb a homotopy equivalence?
Given a positive answer to the question, one can define a natural "specialization" map
on (e.g.) singular cohomology, following [Ber09, §2] . The topology of X triv is some measure of the singularities of X, so this specialization map would offer insight as to how the singularities of X inform the topology of X an . However, the answer to the question is no in general: if (k, | · | k ) is Archimedean and X = A 1 k is the affine line over k, then X triv is always contractible but X hyb need not be. This is demonstrated by the first main result.
Theorem A. Let k be a subfield of C equipped with the Archimedean norm | · | ∞ .
(1) If k is countable, then there is a strong deformation retraction of A When k is countable, the proof of Theorem A shows more generally that any Zariski-open subset of P 1,hyb k is contractible. This can be pushed further to give the second main result.
Theorem B. Let k be a countable subfield of C, equipped with the Archimedean norm | · | ∞ . If X is a smooth projective curve over k, then there is a strong deformation retraction of X hyb onto X triv ; in particular, X hyb is contractible.
The results of [Ber04] show that the trivially-valued analytification of a smooth variety is contractible; in particular, Theorem B gives a positive answer to the question in this special case. Now, if one demands that (k, | · | k ) be a complete non-Archimedean field, there appears to be more hope for the question to yield a positive answer. This is exemplified by the third main result.
Theorem C. If (k, |·| k ) is a complete non-Archimedean field, then A n,triv k ֒→ A n,hyb k is a homotopy equivalence.
The proof of Theorem C is based on the constructions of [Ber90, Thu07] : one uses the torus action on A n k to construct a "hybrid toric skeleton" in A n,hyb k (this coincides with the image of the canonical section of the hybrid tropicalization map of [Jon16] ). More generally, the authors expect Theorem C to hold for any normal toric variety. See [ACMUW16, §7] for a nice exposition of this construction in the classical setting. In fact, the same method of proof shows the analogous result for affine spaces over a discrete valuation ring (dvr) or over a Dedekind domain, equipped with the trivial norm.
The methods developed in the proofs of the above results facilitate a description of the topology of the affine line over (Z, | · | ∞ ) and, more generally, over the ring of integers of a number field. The local structure of analytifications of schemes over such Banach rings has been explored in [Poi10] , but their global topological structure is not well understood. To that end, we offer an application of the above results.
Theorem D. The affine line over the ring of integers of a number field is contractible.
The proof of Theorem D follows by combining the construction in Theorem A with the aforementioned generalization of Theorem C to the affine line over a Dedekind domain equipped with the trivial norm. When X = Spec(B) is affine, ρ X is the map that sends a seminorm on B to its kernel (hence the name).
(2.1.4) For x ∈ X An , write H(x) = H X (x) for the completed residue field of X An at x. If X = Spec(B) is affine, then H(x) is the completion of Frac(B/ ker(x)) with respect to the residue norm induced by x. In general, H(x) can be computed in this manner after passing to an affine open containing ker(x).
(2.1.5) Working affine-locally, it is easy to check that the assignment X → X An is functorial; for a morphism ϕ : Y → X between finite-type A-schemes, write ϕ An : Y An → X An for the corresponding continuous map between analytifications. In addition, the formation of the kernel map is functorial; that is,
(2.1.6) The analytification functor satisfies certain (topological) GAGA theorems; that is, there are properties of a morphism of schemes that translate to topological properties of the induced map on analytifications. The relevant topological conditions are recalled below: for a continuous map φ : V → U of topological spaces, we say that (a) φ is Hausdorff (or separated ) if the diagonal V → V × U V is a closed map, and this is always satisfied if V is Hausdorff; (b) φ is proper if the preimage of any (quasi-)compact set is (quasi-)compact, and this is equivalent to φ being a closed map with (quasi-)compact fibres when U is locally compact and Hausdorff; (c) φ is finite if it is a closed map with finite fibres. The (topological) GAGA results needed in the sequel are recorded in the following proposition. 
An is an R-analytic space in the sense of [Ber15, §1] , whose underlying space is the quotient of X(C) by complex conjugation. This is not to be confused with the classical notion of a real-analytic space, which consists of the points of X(C) that are fixed by complex conjugation.
An is the analytification X an of X in the sense of [Ber90, Ber93] . While additional exotic examples appear elsewhere (see e.g. [Ber93, Poi10, Jon16, BJ17] ), the example at the heart of this paper is the case when A is a hybrid field, which is discussed in the example below.
Example 2.1.9. Let (k, · hyb ) be a hybrid field as in Example 2.1.2. For a finite-type k-scheme X, the analytification λ :
where X triv and X an denote the analytifications (in the sense of [Ber90] ) with respect to (k, | · | 0 ) and ( k, | · | k ), respectively. Moreover, there is a homeomorphism λ −1 ((0, 1]) ≃ (0, 1] × X an over (0, 1]; when X = Spec(B) is affine, a seminorm x ∈ X hyb is sent to λ(x) ∈ (0, 1] and the seminorm f → |f (x)| 1/λ(x) on B. The formation of this homeomorphism λ −1 ((0, 1]) ≃ (0, 1] × X an is easily seen to be functorial in X.
an , then the completed residue fields H X hyb (x) and H X an (x ′ ) are canonically isometric. Indeed, if X = Spec(B) is affine, then ker(x) = ker(x ′ ) and so both fields are completions of the field Frac(B/ ker(x)) with respect to equivalent norms.
Further, if k is a subfield of C and | · | k = | · | ∞ is the Archimedean norm, then the fibre λ −1 (ρ), for ρ ∈ (0, 1], is a complex-analytic space if k is not included in R, and it is an R-analytic space otherwise. On the other hand, the fibre λ −1 (0) is a non-Archimedean analytic space over (k, | · | 0 ). For this reason, we say that the λ −1 (ρ)'s, for ρ ∈ (0, 1], are the Archimedean fibres of X hyb , and λ −1 (0) is the non-Archimedean fibre.
Proposition 2.1.10. Let (k, · hyb ) be a hybrid field, and let X be a finite-type k-scheme. Suppose that one of the following two conditions hold:
hyb is path-connected.
In addition, [Lem15, Théorème 6.14] shows the deeper result that a hybrid analytification is locally pathconnected (while the proof is written in the case where the base ring is the ring of integers of a number field, it goes through verbatim in the case of a hybrid field). This result is the hybrid analogue of [Ber90, Theorem 3.2.1].
Proof. The strategy of the proof follows [Ber09, Corollary 2.2]. Assume first that X has a k-point z ∈ X(k). The point z induces a continuous section σ z of the structure map λ :
is an affine-open neighbourhood of z of X, m z ⊆ B is the maximal ideal corresponding to z, f ∈ B, and ρ ∈ [0, 1]. Each fibre of λ is path-connected by [SGA1, XII, Proposition 2.4] and [Ber90, Theorem 3.4.8(ii)], so it suffices to produce a path between points x and x ′ that lie in two distinct fibres of λ. This can be done as follows: take a path in λ −1 (λ(x)) from x to σ z (λ(x)), compose it with the path t → σ z (t) for t ∈ [λ(x), λ(x ′ )], and then with a path in λ −1 (λ(x ′ )) from σ z (λ(x ′ )) to x ′ . Assume now that k is complete and X does not admit a k-point. Pick a finite extension K/k such that X admits a K-point, and the completeness of k guarantees that there is a unique extension | · | K of the norm | · | k on k to one on K. By the previous case, the hybrid analytification X hyb K of X K = X × k K with respect to the hybrid norm on K is path-connected. By [Lem15, §4.3] , there is a continuous, surjective ground field extension map X hyb K → X hyb ; in particular, X hyb is also path-connected.
Remark 2.1.11. The proof of Proposition 2.1.10 shows the following more general assertion. Suppose A is a Banach ring with M(A) path-connected and X is a connected finite-type A-scheme such that there exists a Banach A-algebra A ′ with X(A ′ ) = ∅, M(A ′ ) path-connected, and M(A ′ ) → M(A) surjective. Then, the analytification X An is path-connected.
Example 2.1.12. Let k be a subfield of C equipped with the Archimedean norm |·| ∞ . The hybrid analytification A 1,hyb k of the affine line is a central example in this paper, and its points can be described explicitly. The Archimedean points of A 1,hyb k will be described first: given z ∈ C and t ∈ (0, 1], write ev(z, t) for the seminorm in λ −1 ((0, 1]) given by f → |f (ev(z, t))| := |f (z)| t ∞ . Following Example 2.1.9, the homeomorphism-type of λ −1 ((0, 1]) is easy to describe:
, where ∼ denotes the equivalence relation on C generated by complex conjugation. While the topological space λ −1 ((0, 1]) depends only on whether or not k is a subfield of R, the topology of A 1,hyb k and of λ −1 (0) very much do depend on the field k. The fibre λ −1 (0) is identified with the trivially-valued analytification A 1,triv k , whose points are well-understood. To each monic, irreducible polynomial p ∈ k[T ] and r ∈ R ≥0 , we associate a point η p,r ∈ λ −1 (0) as follows: for any root z ∈ C of p, define a multiplicative seminorm
The seminorm η p,r is independent of the choice of root z of p. (2.2.1) There is a class of Banach rings, known as geometric base rings, for which the properties of the analytification functor are much better understood; in particular, there is a reasonable category of analytic spaces over such Banach rings. These are rings of dimension at most 1 whose spectra satisfy certain topological and analytic conditions, and they are defined and studied in [Lem15,  
is representable by an A-analytic space X An and a morphism ρ X : X An → X of locally A-ringed spaces.
It follows from the proof of Theorem 2.2.5 that the topological space underlying X An coincides with the analytification of X from §2.1, and the continuous map underlying ρ X is the kernel map. For this reason, we do not make any distinction in the notation.
(2.2.6) The analytification functor over a geometric base ring satisfies certain GAGA properties (see [Lem15,  §6.2]). One such result is given below and we develop other partial results throughout the section in the case when the base is a hybrid field.
Definition 2.2.7. A morphism ϕ : Y → X of A-analytic spaces is flat (resp. unramified,étale) if for every y ∈ Y , the local ring homomorphism O X,ϕ(y) → O Y,y is flat (resp. unramified,étale). (2.2.9) We expect Theorem 2.2.8 to also hold for finite unramified morphisms, and hence for finiteétale morphisms as well. To do so, one would need to show that a (finite) morphism ϕ : Y → X of A-analytic spaces is unramified if and only if for all x ∈ X, the fibre ϕ −1 (x) is a disjoint union of spectra of finite separable H(x)-algebras. This requires developing a theory of modules of Kähler differentials as in [Ber93, §3.3] .
For the sake of expediency, we prove a GAGA-type statement only for certainétale morphisms over a subfield of C equipped with the hybrid norm. To this end, we recall below the definition of the structure sheaf on the analytification of open subvarieties of affine space; it first appears in [Ber90, §1.5], and it is further developed in [Poi10, Poi13a, Lem15] . (i) The ring K(U ) of rational functions on U is the localization
for all x ∈ U } is the multiplicative subset of polynomials that do not vanish on U .
(ii) The ring O(U ) of analytic functions on U are those functions
such that for any x ∈ U , the following two conditions hold: . For a finite-type A-scheme X, the structure sheaf on the affine spaces can be used to construct the structure sheaf O X An on X An as follows: work affine-locally, so that X admits an immersion into an affine space over A, which decomposes as 
If A = C is equipped with the Archimedean norm, then this sheaf on X An = X h coincides with the usual sheaf of holomorphic functions on X h . Further, if A = C is equipped with the hybrid norm, then O X An can be related to O X h on the Archimedean fibres of X An , as is explained in the following comparison result.
Lemma 2.2.12. Let k ⊆ C be a subfield equipped with the hybrid norm, and let X be a finite-type k-scheme.
of local rings.
Proof. The question is local, so we may assume X is affine. In this case, X admits an immersion into an affine space over k. Thus, it suffices to produce the isomorphism when X admits a closed or open immersion into A n k , with the latter case being trivial. If X is closed in A n k , then both rings in 2.2.13 are quotients of the corresponding local rings of A n,An k and A n,h k by the extension of the ideal defining X, so it suffices to exhibit the isomorphism 2.2.13 when
given by w → f (w ρ ), where we identify H V ′ (w) and H V (w ρ ) as explained in Example 2.1.9. This rule f ′ defines an analytic function on V ′ , and the assignment f → f ′ gives a ring homomorphism
, and let f be the pullback of f ′ to V . Thus, we have an isomorphism as in 2.2.13. Corollary 2.2.14. Let k ⊆ C be a subfield equipped with the hybrid norm, and suppose k is not included in R. If ϕ : Y → X is anétale morphism between finite-type k-schemes, then ϕ An isétale over the Archimedean fibres; in particular, ϕ
An is a local homeomorphism over the Archimedean fibres.
Proof. For any An is a local homeomorphism at y, as required.
(2.2.15) If k is a subfield of R equipped with the Archimedean norm |·| ∞ , then the conclusion of Corollary 2.2.14 does not necessarily hold. For example, consider the morphism ϕ :
is not a local homeomorphism at the point x = ev(1, i) (where the ev-notation is as in Example 2.1.12). Indeed, ϕ hyb is not injective on any open neighbourhood of x because x n = ev(1, −1 + i/n) has two distinct ϕ hyb -preimages for any n ≥ 1, and x n → ϕ hyb (x) as n → +∞. For this reason, it will be useful in the sequel to pass from a field k ⊆ R to the extension field k[i] of k, which is a subfield of C that is also equipped with the hybrid norm and it is no longer contained in R. To this end, for a finite-type k-scheme X, write 
by complex conjugation. More precisely, if ι : given by
by the action of I, and π k[i]/k is the quotient map. In §3, this will be used as follows: given a homotopy
, there exists a unique homotopy Lemma 2.3.2. Let ϕ : Y → X be a finite branched cover of locally compact, Hausdorff spaces. For x ∈ X, write ϕ −1 (x) = {y 1 , . . . , y n }. There exists a basis U x of open neighbourhoods of x such that for any U ∈ U x , we have
where V i,U is an open neighbourhood of y i for each i. Moreover, for each i, the set {V i,U : U ∈ U x } is a basis of open neighbourhoods of y i .
Lemma 2.3.3. Let ϕ : Y → X be a finite branched cover of locally compact, Hausdorff spaces. Let F be a closed subset of X, U = X\F , and γ : [0, 1] → X be a continuous map. Suppose that (i) the restriction ϕ :
For any y ∈ ϕ −1 (γ(0)), there is a unique continuous mapγ :
Proof. If γ(t) ∈ U for all t ∈ [0, 1], then the result follows from the homotopy lifting property for covering maps. Otherwise, let t F ∈ [0, 1] be the minimal t ∈ [0, 1] such that γ(t) ∈ F . If t F = 0, then γ is constant, and we can takeγ to be the constant map with value y. Assume now that t F > 0. Write ϕ −1 (γ(t F )) = {y 1 , . . . , y n }, and let U γ(tF ) be the basis of open neighbourhoods of γ(t F ) as in Lemma 2.3.2. Again using the homotopy lifting property, there is a unique liftγ
for some i, which is independent of the choice of U . Define the mapγ :
The mapγ clearly lifts γ, and it remains to show that it is continuous at t F . For any open neighbourhood V of
Proposition 2.3.4. Let ϕ : Y → X be a finite branched cover of locally compact, Hausdorff spaces, F be a closed subset of X, U = X\F , and H : [0, 1] × X → X be a strong deformation retraction of X onto F . Suppose that (i) the restriction ϕ :
There is a unique strong deformation retraction 
. It suffices to show that for all U ∈ U H(t,ϕ(y)) sufficiently small H −1 (V 1,U ) contains a neighbourhood of (t, y). Case 1. Assume that H(t, ϕ(y)) ∈ F . By the construction of H, for any U ∈ U H(t,ϕ(y)) sufficiently small, there is a neighborhood I × V of (t, y) and a continuous local section σ :
Assume that ϕ(y) ∈ F , so for any s ∈ [0, 1], H(s, ϕ(y)) = ϕ(y). For any neighborhood U of ϕ(y), the continuity of H guarantees that there exists a neighborhood
To this end, observe that for any z ∈ V ,
Case 3. Assume that ϕ(y) ∈ F and H(t, ϕ(y)) ∈ F . There is a smallest t 1 ∈ [0, 1] such that H(t 1 , y) ∈ ϕ −1 (F ). For any s ≥ t 1 , H(s, y) = H(t 1 , y); note that t ≥ t 1 > 0 since ϕ(y) ∈ F and H(t, ϕ(y)) ∈ F . For any U ∈ U H(t,ϕ(y)) , there exists U ′ ∈ U ϕ(y) and t 2 < t 1 such that H([t 2 , 1]×U ′ ) ⊆ U . After possibly shrinking U ′ around ϕ(y), we may assume that H({t 2 } × U ′ )∩(X\F ) = ∅. As in Case 1, the map H(t 2 , ·) : More generally, we will define a hybrid closed disc associated to a polynomial p ∈ k[T ].
where χ : R ≥0 → R ≥0 denotes the continuous function given by : |p(x)| = χ(λ(x))}, (3.1.4) and the subsets C k (z), C k and C k (p, δ) are defined analogously. Finally, for δ > 0, set
(3.1.5) 
for ǫ ∈ (0, min{r, δ}).
Proof
which is a compact neighbourhood of η p,r in D k (p, δ). The intersection ǫ>0 V ǫ is equal to {η p,r }, and hence it is included in U . We claim that there exists ǫ > 0 such that V ǫ ⊆ U . If not, then for any ǫ > 0 there exists ) is compact, the net (x ǫ ) must have a convergent subnet with limit x ∈ D k (p, δ); as the V ǫ 's intersect in η p,r , we must have x = η p,r , a contradiction. Finally, consider the subsets C := {(z, t) ∈ D : |z| ∞ = 1} and E := C ∪ {(z, t) ∈ D : t = 1}. Write C (resp. E) for the image of C (resp. of E) under D → D. The map σ restricts to a homeomorphism of the subset C (resp. of E), so we can form the quotient C/∼ (resp. E/∼). This quotient coincides with the image of C (resp. E) under the map D → D/∼. Proposition 3.1.12. Let δ > 0 and z ∈ k.
(i) If k is not contained in R, then there is a homeomorphism f δ : D → D k (z, δ) that restricts to a homeomorphism between C and C k (z, δ), and between E and E k (z, δ). (ii) If k is contained in R, then there is a homeomorphism f δ : D/∼ → D k (z, δ) that restricts to a homeomorphism between C/∼ and C k (z, δ), and between E/∼ and E k (z, δ).
Proof. After applying the automorphism T → T − z as in 3.1.6, we may assume that z = 0. Assume first that k is not contained in R. The restriction of g δ to D \ B is a homeomorphism
Indeed, it is clearly continuous, and it has a continuous inverse given by ev(w, s) → ws −s |w|
To show the continuity of g δ at a point (w, 0) ∈ B, assume r := |w| ∞ ∈ (0, 1). By Lemma 3.1.10, it suffices to show that the g δ -preimage of the open set
= (η 0,r−ǫ , η 0,r+ǫ ) ⊔ {ev(u, s) : u ∈ C, s ∈ (0, ǫ), r − ǫ < |u| s ∞ < r + ǫ} is open, for ǫ ∈ (0, min{r, 1 − r, δ}). Observe that |T (g δ (u, s))| = χ(δs)|u| ∞ for (u, s) ∈ D, and hence
which is open because χ is continuous and non-vanishing. The cases when w = 0 or |w| ∞ = 1 are analogous. Thus, g δ is continuous everywhere.
Define a continuous map h
is commutative. As D is compact and D k (δ) is Hausdorff, it suffices to show that f δ is bijective. As a set, D is a disjoint union of [0, 1] and D \B, and the restriction of f δ to each is h δ and g δ , respectively. Both restrictions are bijections onto their images, and the disjoint union of their images is all of D k (δ). Thus, f δ is bijective, as required.
Furthermore, it is easy to check that f δ restricts to a homeomorphism of C onto C k (δ), and of E onto E k (δ). Similarly, when k is included in R, the same construction holds after precomposing g δ with the quotient D → D/∼ of D under complex conjugation.
(3.1.13) As illustrated in Fig. 2 , the space D is a closed solid cylinder, and E is the boundary of D with the open disc {(z, t) ∈ D : |z| ∞ < 1, t = 0} removed. For each r ∈ [0, 1], the quotient map D → D identifies all the points on the circle {(z, t) ∈ D : |z| ∞ = r, t = 0}; it follows that D is homotopic to a closed ball in R 3 , and the inclusion E ֒→ D is homotopic to the inclusion of the boundary sphere of the closed ball. In particular, after removing the image of the point (z, t) = (0, 0) ∈ D from D, then the inclusion of E becomes a homotopy equivalence. Since E is not contractible, it follows that this inclusion cannot be homotopic to a constant map. Applying the homeomorphism f δ to this observation yields the following corollary of Proposition 3.1.12.
Corollary 3.1.14. If k is not contained in R and z ∈ k, then the inclusion E k (z) ֒→ D k (z)\{η z,0 } is not homotopic to a constant map.
We will later use Corollary 3.1.14 to understand the possible homotopies of the inclusion map D k (z) ֒→ A 1,hyb k for z ∈ k; see Corollary 3.4.5. This is one of the key ingredients to Theorem A(2).
Remark 3.1.15. By arguing as in [Poi13a] , one can show that the hybrid affine line A 1,An k is Fréchet-Urysohn and angelic when k is not contained in R. This can be done by exploiting the homeomorphism between a hybrid closed disc D k (z) and a closed ball in R 3 , which exists by Proposition 3.1.12(i) and the observation in 3.1.13.
(3.1.16) The subset B ∪C of D is homeomorphic to a cylindrical shell that is capped at one end and open at the other, and so one can imagine a strong deformation retraction of D onto B ∪C obtained by "pushing" the interior of the cylinder towards the walls and the cap. This informal picture can, using Proposition 3.1.12, be used to construct strong deformation retractions of a hybrid closed disc onto certain subsets, namely
The strong deformation retraction is constructed explicitly when p = T in Example 3.1.17 below, and the general case is Proposition 3.1.18. 
Observe that for any (t, (w, s)) ∈ [0, 1] × D, we have σ(H(t, σ(w, s))) = H(t, (w, s)), where recall that σ : D → D is the complex conjugation given by (w, s) → (w, s).
Proposition 3.1.18. Let p ∈ k[T ] be a monic, separable polynomial. There exists ∆ > 0 such that for any δ ∈ (0, ∆], there exists: Furthermore, if p is linear, then we can take ∆ = 1.
Proof. First, remark that it suffices to show the retraction in (ii). Indeed, to construct the strong deformation retraction of (i), we may postcompose the homotopy in (ii) with a strong deformation retraction ) . Such a map G can be constructed as follows: if {z 1 , . . . , z m } ⊆ C are the roots of p, then one can take G| [0,1]×N k (p,δ) to be the identity and
for t ∈ [0, 1] and s ∈ (0, δ]. It is easy to verify that the map G is continuous. Thus, let us show (ii). If {y 1 , . . . , y ℓ } ⊆ C are the roots of the derivative p ′ in C, then p(y i ) = 0 for all i, since p is separable. In particular, there exists a threshold ∆ > 0 such that for any δ ∈ (0, ∆], we have
For example, we can take ∆ less than the minimum (Archimedean) distance between a root of p and of
k is the morphism given by T → p(T ), then the restriction ϕ p | V isétale. It follows from Corollary 2.2.14 that the analytification
is a local homeomorphism over the Archimedean fibres of A
1,hyb k
, and hence over U :
, and so Proposition 2.3.4 shows that H lifts to a strong deformation retraction H of D k (p, δ) onto N + k (p, δ), which completes the proof of (ii).
Suppose now that k is included in R. Consider the ground field extension map
As in the previous case, we may construct a strong retraction deformation
By construction, the strong retraction deformation H of Example 3.1.17 satisfies this property. Observe that ( H(t, I(x) ))) = I(φ( H(t, I(x)))) = I(H(t, φ(I(x))) = H(t, x), where we have repeatedly used that φ • I = I • φ (this holds since p has coefficients in k). Thus, the homotopy (t, x) → I( H(t, I(x))) is a lift of the homotopy H along φ. The uniqueness of the lift in Proposition 2.3.4 guarantees that I( H(t, I(x))) = H(t, x) for all (t, x), as required.
Corollary 3.1.19. Let p ∈ k[T ] be a monic, irreducible polynomial. There exists ∆ > 0 such that for any δ ∈ (0, ∆], there exists:
Proof. Let ∆ > 0 be as in Proposition 3.1.18, δ ∈ (0, ∆], and let
The map H is a strong deformation retraction of the required form, provided it is continuous. Observe that
and H is continuous on each piece and the identity map on the intersection. Thus, H is continuous. 
Indeed, pick ∆ > 0 small enough so that the interiors int (D k (p i , ∆)) are disjoint, and (after possibly shrinking ∆) use the strong deformation retraction of Proposition 3.1.18(ii) for each disc D k (p i , δ). . By analogy with (3.1.4) and 3.1.16, for δ > 0, set
The following proposition is the analogue of Proposition 3.1.18 and Corollary 3.1.19 for the hybrid closed disc at infinity.
Proposition 3.1.22. For any δ ∈ (0, 1], there exists:
Proof. By arguing as in Corollary 3.1.19, it suffices to construct the retraction in (i). Now, fix δ ∈ (0, 1] and consider the automorphism ψ of the torus
, and N k (∞, δ), respectively. Thus, it suffices to construct a strong deformation retraction of
hyb is homeomorphic to the image of {(z, t) ∈ D : z = 0} under the quotient map D → D, and N k (0, δ) ∩ U hyb is sent to the image of
In particular, it is enough to find a strong deformation retraction of {(z, t) ∈ D : z = 0} onto the subspace in (3.1.23), and such a map clearly exists.
3.2. Contractibility of the Hybrid Affine Line over a Countable Archimedean Field.
(3.2.1) When k is a countable subfield of the complex numbers equipped with the hybrid norm, we show below that the hybrid affine line A 1,hyb k admits a strong deformation retraction onto the non-Archimedean fibre; this is stated as Theorem A(1) in the introduction. The construction proceeds by patching together the strong deformation retractions of Corollary 3.1.19 and Proposition 3.1.22.
(3.2.2) Let k ⊆ C be any subfield and set
It is easy to verify that R is continuous and that it is indeed a strong deformation retraction onto X(δ ′ ). 
Beware that the above operation is not associative; for this reason, we adopt the notation
where F 1 , . . . , F n is a compatible collection of homotopies as above. This convention is chosen so that
for any n ≥ 1. Moreover, it is clear that F n ✁ . . . ✁ F 1 is a strong deformation retraction if all F i 's are so. The strong deformation retraction of Theorem 3.2.6 is constructed by gluing many of the strong deformation retractions constructed in Section 3.1. This gluing procedure is summarized in the lemma below.
Lemma 3.2.7. Let X be a locally compact, Hausdorff space. For all n ∈ Z ≥0 , let H n : [0, 1] × X → X be a strong retraction deformation of X onto its image. Let Y := n∈Z ≥0 H n (1, X) and y 0 ∈ Y . Let {D n } n∈Z ≥0 be an open cover of X\{y 0 } such that D n ∩ D m ∩ Y = ∅ whenever n = m, and write V n := H n (1, ·) −1 (D n ). Suppose that the following conditions hold: for n ∈ Z ≥0 and (t,
Let U be a basis of open neighbourhoods of y 0 in X with the property that for any open set W ∈ U, there exists n ∈ Z ≥0 such that
Then, the functions ϕ and H are well-defined and continuous, and H is a strong retraction deformation of X onto Y .
Proof. In order to see that ϕ is well-defined, it suffices to show that V n ∩ V m = ∅ for n = m. Assume m < n. By the assumption (iv), we have
where the final equality holds by the assumption on the D n 's. Thus, ϕ is well-defined. This implies, along with the assumption (i), that H is also well-defined. Now, we will demonstrate that H is continuous. The proof is divided into three cases. Case 1. If (t, x) ∈ [0, 1) × X, then pick n ∈ Z ≥0 such that 1 − 2 −n > t. The restriction of H to the open neighbourhood [0, 1 − 2 −n ) × X of (t, x) coincides with H n , and hence H is continuous at (t, x). Case 2. If x ∈ V n for some n, then H n (1, x) ∈ Y by the assumption (iv). By (ii) and (iii), for any m > n, we have
for k > n, and hence (vi) implies that
In particular, H(t, X) ⊆ H n (1, X) for such t. It follows that
, 1], and hence
where the second equality follows from (v). Combining this with (3.2.8), we see that
is continuous, C is closed. We claim that for any (t, z) ∈ [1−2 −(n+1) , 1]×(X\C), H(t, z) ∈ W . Suppose that there is a pair (t, z) with H(t, z) ∈ W , then
Thus, the inclusion (3.2.9) implies that z ∈ n m=0 V m . In this case, H n (1, z) ∈ Y by (iv), and so (iii) implies that
That is, z ∈ C, a contradiction. Therefore, we conclude that for any (t, z)
, H(t, z) lies in W . As x ∈ X\C by construction, this demonstrates the continuity of H at (1, x). It remains to show that H is a strong deformation retraction onto Y . For any x ∈ X, if x ∈ V n for some n, then H(1, x) = H n (1, x) ∈ D n , and hence H(1, x) lies in Y by the assumption (iv); if x does not lie in any
For x ∈ Y and t ∈ [0, 1], we must show that H(t, x) = x. If t ∈ [0, 1), then there exists n ∈ Z ≥0 such that H(t, x) = H n (t, x), and H n (t, x) = x by the assumption (iii). Assume now that t = 1. If x ∈ V n for some n, then H(1, x) = H n (1, x) = x, again by (iii). On the other hand, if x ∈ n≥0 V n , then we claim that x = y 0 , and hence is fixed by H(1, ·). Indeed, (iii) guarantees that V n ∩ Y = D n ∩ Y for any n, and hence {V n ∩ Y } n∈Z ≥0 is an open cover of Y \{y 0 }. As x does not lie in any member of this cover, we must have x = y 0 . This completes the proof.
Proof of Theorem 3.2.6. Throughout the proof, write X = A 1,hyb and X triv = A 1,triv . Let (p n ) n≥1 be an enumeration of the monic irreducible polynomials of k[T ]. For each n ≥ 1, let ∆ n > 0 be the constant produced in Corollary 3.1.19 for the polynomial p n , and set ∆ 0 = 1. For n ≥ −1, set e n = min
Observe that e n ≤ e n−1 for all n ≥ 0; in particular, X(e n ) ⊆ X(e n−1 ) and X(e −1 ) = X. Consider the following sequences of strong deformation retractions:
• for n ≥ 0, write R n : [0, 1] × X(e n−1 ) → X(e n−1 ) for the strong deformation retraction of X(e n−1 ) onto the subspace X(e n ), constructed in (3.2.3); • for n ≥ 1, write G n : [0, 1] × X(e n ) → X(e n ) for a strong deformation retraction of X(e n ) onto the subspace X(e n )\ (D k (p n , e n )\N k (p n , e n )), as in Corollary 3.1.19(i); • write G 0 : [0, 1] × X(e 0 ) → X(e 0 ) for a strong deformation retraction of X(e 0 ) onto the subspace X(e 0 )\ (D k (∞, e 0 )\N k (∞, e 0 )), as in Proposition 3.1.22.
For n ≥ 0, set K n := G n ✁ R n and H n := K n ✁ . . . ✁ K 0 , where we follow the notation of 3.2.4. Note that K n and H n are strong deformations of X(e n−1 ) and of X, respectively, onto the same subspace
of X(e n ). In order to produce the desired strong deformation retraction, it suffices to show that the H n 's satisfy the conditions of Lemma 3.2.7, where Y = X triv , y 0 = η 0,1 , and
The conditions (i), (iii), (iv), and (vi) are obvious from the construction of H n , while (ii) and (v) follow immediately from (3.2.5). Finally, take U to be any basis of open neighbourhoods of η 0,1 in X; the intersection of any member of U with X triv avoids at most finitely-many branches of X triv , as required. 3.3. Proof of Theorem B. The goal of this section is to prove Theorem B, which states that the hybrid analytification of a smooth projective curve over certain subfields of C admits a strong deformation retraction onto the non-Archimedean fibre. The proof proceeds by reduction to Theorem 3.2.6, and the key topological tool do so is the Proposition 2.3.4.
Proof of Theorem B. Let k be a countable subfield of C that is not contained in R. Pick a finite ramified cover ϕ : X → P onto the closed, contractible subset C. Thus, Proposition 2.3.4 shows that there is a lift of H to a strong deformation retraction of X hyb onto (ϕ hyb ) −1 (C) = X triv ∪ R hyb , where R ⊆ X is the ramification locus of ϕ. The space R hyb is a disjoint union of finitely-many intervals, each intersecting X triv in one point; in particular, there is a strong deformation retraction of (ϕ hyb ) −1 (C) onto X triv , as required. Assume now that k is contained in R. Write X hyb for the analytification of X, and X hyb k[i] for the analytification after ground field extension. As in the previous case, there is a finite branched cover ϕ hyb :
As in Theorem 3.2.6, we can pick a strong retraction deformation H of P 1,hyb is not contractible whenever k is an uncountable subfield of C that is not contained in R.
Proposition 3.4.2. For any z ∈ k, there is a retraction r z : A 1,hyb k → D k (z) satisfying the following conditions:
lies in a branch other than [η z,0 , η z,1 ), then r z (x) = η z,1 . In particular, r −1 z (η z,r ) = {η z,r } for r ∈ [0, 1). The retraction r z is the hybrid analogue of the retraction of the complex plane A 1,h C = C onto the closed disc of radius 1 centered at z; in fact, r z | λ −1 (1) is precisely this map. On the non-Archimedean fibre, r z contracts all branches of λ −1 (0) to the trivial norm η 0,1 save for the branch of z, which is fixed. Note that we do not claim that r z extends to a strong deformation retraction of A 1,hyb k onto D k (z) (even though this occurs on each Archimedean fibre). In fact, such an extension cannot always exist by Theorem 3.4.8.
Proof. Define the retraction r z by the following formula:
It is easy to verify that r z is the identity on D k (z) and that it is continuous at any point of A
of any point of [η z,0 , η z,1 ). Thus, it suffices to check the continuity of r z at x ∈ A , then there must be a pair (t, x) ∈ [0, 1) × A 1,arch k such that H(t, x) lies in the non-Archimedean fibre. The mechanism for proving such an assertion is the careful description of the topology of the hybrid closed disc D k (z) in §3.1 (and more precisely, Corollary 3.1.14): this is used below in Lemma 3. Proof. Suppose, for sake of contradiction, that for any (s, x) ∈ (0, 1] × E k (z), we have H(s, x) = η z,0 . Then, H restricts to a homotopy
is a connected subset of (η z,0 , η z,1 ) by assumption, hence g| E k (z) is homotopic to a constant map. In particular, the inclusion E k (z) ֒→ D k (z)\{η z,0 } is homotopic to a constant map, which contradicts Corollary 3.1.14. The map q is the hybrid analogue of the map constructed by Thuillier in [Thu07, Proposition 2.17], and the proof of continuity follows the same argument. In order to simplify the proof of Proposition 4.1.6, as well as later results, we first give an explicit formula for the point q(t, x), which is analogous to the formulas appearing [Ber90, §6.1] (indeed, the expression inside the maximum below in (4.1.8) is precisely the "derivative" ∂ ν that appears in [Ber90, Remark 6.1.3(ii)]).
Lemma 4.1.7. For any t ∈ [0, 1], x ∈ X An , and f = µ∈(Z ≥0 ) n a µ T µ ∈ B, we have |f (q(t, x))| = max , x) )| is bounded above by the right-hand side of (4.1.9). Assume that the right-hand side of (4.1.9) is strictly positive, otherwise there is nothing to prove. Pick µ 0 ∈ (Z ≥0 ) n among those multi-indices µ with |a µ (x)| · |T µ (x)| maximal, such that |µ 0 | is maximal. Let J ⊆ (Z ≥0 ) n be the subset of multi-indices µ with |a µ (x)| · |T µ (x)| maximal, and pick µ 0 ∈ J such that |µ 0 | is maximal. Note that if n > 1, then µ 0 is not necessarily unique.
By taking ν = µ 0 in (4.1.8), we see that to be nonzero, we must have that µ i ≥ (µ 0 ) i for all i = 1, . . . , n; this cannot occur if µ = µ 0 and |µ| = |µ 0 |. Thus, |a µ0 (x)| · |T µ0 (x)| > | µ µ0 a µ T µ (x)| for all µ = µ 0 , and hence the right-hand side of (4.1.10) is equal to |a µ0 (x)| · |T µ0 (x)|, as required.
Proof of Proposition 4.1.6. The strategy of proof follows that of [Thu07, Proposition 2.17(i)]. Fix f = µ a µ T µ in B, and set ϕ(t, x) := |f (q(t, x))|. It suffices to show that ϕ is continuous as a map [0, 1] × X An → R. By Lemma 4.1.7, it is easy to see that ϕ is monotonic in t, i.e. ϕ(t, x) ≤ ϕ(t ′ , x) provided t ≤ t ′ . Thus, by arguing as in [Thu07, Proposition 2.17(i)], it suffices to prove that ϕ is continuous in each variable separately.
For x ∈ X An fixed, we will first show that ϕ(·, x) is continuous. Pick N > 0 such that F (f ) µ = 0 for all |µ| > N , in which case ϕ(t, x) = max |ν|≤N |F (m * (f )) ν (x)|t |ν| is a maximum of finitely-many continuous functions in t, hence it is itself continuous. For fixed t ∈ [0, 1], we will show that ϕ(t, ·) is continuous. Write m * (f ) = µ∈M(f ) a µ T µ u µ , where recall that M (f ) ⊆ (Z ≥0 ) n is the finite subset of multi-indices µ such that a µ = 0. If t = 0, then
